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SEMISOLIDITY AND LOCALLY WEAK QUASISYMMETRY OF
HOMEOMORPHISMS IN METRIC SPACES
MANZI HUANG, ANTTI RASILA, XIANTAO WANG∗, AND QINGSHAN ZHOU
Abstract. In this paper, we investigate the relationship between semisolidity
and locally weak quasisymmetry of homeomorphisms in quasiconvex and com-
plete metric spaces. Our main objectives are to (1) generalize the main result in
[14] together with other related results, and (2) give a complete answer to the
open problem given in [14]. As an application, we prove that the composition of
two locally weakly quasisymmetric mappings is a locally weakly quasisymmetric
mapping and that it is quasiconformal.
1. Introduction and main results
The quasihyperbolic metric was introduced by Gehring and his students Palka
and Osgood in the 1970’s [7, 8] in the setting of Euclidean spaces Rn (n ≥ 2). Since
its first appearance, the quasihyperbolic metric has become an important tool in the
geometric function theory of Euclidean spaces.
From late 1980’s onwards, Va¨isa¨la¨ has developed the theory of (dimension) free
quasiconformal mappings (the free theory) in Banach spaces [26, 27, 28, 29, 31],
which is based on the quasihyperbolic metric. The main advantage of this approach
over generalizations based on the conformal modulus (see [9] and references therein)
is that it does not make use of volume integrals, which allows one to study quasicon-
formality of homeomorphisms in infinite dimensional Banach spaces. In the free the-
ory, Va¨isa¨la¨ has mainly studied the relationships between quasiconformal mappings
and quasisymmetric mappings, as well as properties of the quasihyperbolic metric
and various classes of domains. The importance of the quasihyperbolic metric in
this setting arises from the distortion inequality in Definition 1.3 (cf. the Schwarz-
Pick type result given in [7]). This line of research has recently attracted substantial
interest in the research community (see e.g. [2, 4, 5, 12, 13, 16, 19, 20, 21, 32]).
The class of quasisymmetric mappings on the real axis were first introduced by
Beurling and Ahlfors [3], who found a way to obtain a quasiconformal extension
of a quasisymmetric self-mapping of the real axis to a self-mapping of the upper
half-plane. This concept was later generalized by Tukia and Va¨isa¨la¨, who studied
quasisymmetric mappings between metric spaces [22].
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In 1998, Heinonen and Koskela [11] proved a remarkable result, showing that these
two concepts, quasiconformality and quasisymmetry, are quantitatively equivalent
in a large class of metric spaces, which includes Euclidean spaces. In Banach spaces,
Va¨isa¨la¨ also proved the quantitative equivalence among free quasiconformality, qua-
sisymmetry and weak quasisymmetry. See [31, Theorem 7.15].
Another important result in this topic was very recently obtained by Huang and
Liu [14]. They used ideas from Va¨isa¨la¨’s approach to show that even weakly qua-
sisymmetric mappings preserve, in a suitable way, the quasihyperbolic metric in
quasiconvex and complete metric spaces (see Theorem 1.6 in [14]). Also, in [14], the
authors asked that whether the converse of Theorem 1.6 holds or not. As the main
purpose of this paper, we shall study the main result and the open problem in [14].
In order to introduce the main result and the problem in [14] and state our results,
we need some basic definitions.
Throughout this paper, we always assume that X and Y are metric spaces. Fol-
lowing notations and terminology of [10, 11, 14, 24, 31], we begin with the definitions
of quasiconformality and quasisymmetry of homeomorphisms.
Definition 1.1. A homeomorphism f from X to Y is said to be
(1) quasiconformal if there is a constant H <∞ such that
(1.1) lim sup
r→0
Lf (x, r)
lf(x, r)
≤ H
for all x ∈ X;
(2) quasisymmetric if there is a constant H <∞ such that
(1.2)
Lf (x, r)
lf(x, r)
≤ H
for all x ∈ X and all r > 0,
where Lf (x, r) = sup|y−x|≤r{|f(y)− f(x)|} and lf (x, r) = inf |y−x|≥r{|f(y)− f(x)|}.
Here and in what follows, we always use |x− y| to denote the distance between x
and y.
Definition 1.2. A homeomorphism f from X to Y is said to be
(1) η-quasisymmetric if there is a homeomorphism η : [0,∞)→ [0,∞) such that
|x− a| ≤ t|x− b| implies |f(x)− f(a)| ≤ η(t)|f(x)− f(b)|
for each t > 0 and for each triplet x, a, b of points in X;
(2) weakly H-quasisymmetric if
|x− a| ≤ |x− b| implies |f(x)− f(a)| ≤ H|f(x)− f(b)|
for each triplet x, a, b of points in X.
Remark 1.1. The following observations are immediate consequences of Definitions
1.1 and 1.2.
(1) The quasisymmetry implies the quasiconformality;
(2) A homeomorphism f from X to Y is quasisymmetric with coefficient H de-
fined by (1.2) if and only if it is weakly H-quasisymmetric;
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(3) The quasisymmetry implies the weak quasisymmetry. In general, the con-
verse is not true (cf. [31, Theorem 8.5]). See [17] for the related discussions.
In [11], Heinonen and Koskela proved that, for Q > 1, quasiconformal mappings
between AhlforsQ-regular metric measure spaces, are quasisymmetric, provided that
the source is a Loewner space and the target space satisfies a quantitative connectiv-
ity condition. See also [15] for a discussion on the quasisymmetry of quasiconformal
mappings in Rn.
Definition 1.3. Let G  X and G′  Y be two domains (open and connected),
and let ϕ : [0,∞) → [0,∞) be a homeomorphism. We say that a homeomorphism
f : G→ G′ is ϕ-semisolid if
kG′(f(x), f(y)) ≤ ϕ(kG(x, y))
for all x, y ∈ G (see Section 2 for the definition of the quasihyperbolic metric).
In [7], Gehring and Osgood proved that every K-quasiconformal mapping f in
a domain G ( Rn is a ϕ-semisolid mapping, where ϕ(t) = cmax{t, t1/(1−n)} and
c = c(K, n) which means that the constant c depends only on the coefficient K
of quasiconformality of f and the dimension n of the Euclidean space Rn (see [7,
Theorem 3]), and thus f−1 is also ϕ-semisolid since it is K-quasiconformal. In [23,
Theorem 6.12], Tukia and Va¨isa¨la¨ proved that the converse is also true. This implies
that f is K-quasiconformal if and only if both f and f−1 are ϕ-semisolid, where
K and ϕ depend on each other and n. This means, by using the terminology in
Va¨isa¨la¨’s free theory, that quasiconformality and free quasiconformality in Rn are
quantitatively equivalent.
We introduce the following definition, which is a generalization of convexity:
Definition 1.4. For c ≥ 1, a metric space X is c-quasiconvex if each pair of points
x, y ∈ X can be joined by an curve γ with length ℓ(γ) ≤ c|x− y|.
We remark that X is convex if and only if c = 1, and obviously, if X is c1-
quasiconvex, then it must be c2-quasiconvex for any c2 ≥ c1.
Now, we are ready to state the main result of [14], which is the following.
Theorem A. ([14, Theorem 1.6]) Let X be a c-quasiconvex and complete metric
space and Y a c′-quasiconvex metric space. Suppose f : G → G′ is weakly H-
quasisymmetric, where G ( X and G′ ( Y are domains. Then there exists a
homeomorphism ϕ : [0,∞)→ [0,∞) such that f is ϕ-semisolid, where ϕ = ϕc,c′,H.
An open problem given in [14] can be expressed as follows: Let X be a c-
quasiconvex and complete metric space and let Y be a c′-quasiconvex metric space.
Suppose that f : G → G′ is homeomorphic, where G ( X and G′ ( Y are do-
mains and that there exists a homeomorphism ϕ : [0,∞) → [0,∞) such that
f is ϕ-semisolid in G. Is f weakly H-quasisymmetric from G onto G′, where
H = H(c, c′, ϕ)?
The following example shows that the answer to this problem is negative.
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Example 1.1. Let G = C\{0} and f : G→ G be the following inversion:
f(z) =
z
|z|2 .
Then the following statements hold.
(1) f is 1-semisolid in every subdomain of G;
(2) f is not weakly H-quasisymmetric for any H ≥ 1.
Here and thereafter, except when stated otherwise, G itself is always regarded as
a subdomain of G. From the proof of Theorem A in [14], we know that Theorem
A also holds in every subdomain of G. Therefore, the problem in [14] can also be
reformulated in the following form.
Problem 1. Let X be a c-quasiconvex and complete metric space and let Y be a c′-
quasiconvex metric space. Suppose that f : G→ G′ is homeomorphic, where G ( X
and G′ ( Y are domains and that there exists a homeomorphism ϕ : [0,∞)→ [0,∞)
such that f is ϕ-semisolid in every subdomain of G. Is f weakly H-quasisymmetric,
where H = H(c, c′, ϕ)?
The authors of [14] studied Problem 1 themselves and obtained the following
result.
Theorem B. ([14, Theorem 1.8]) Let X be a c-quasiconvex and complete metric
space, G ( X a non-cut-point domain, and G′ ( Y a domain. Suppose f : G→ G′
is a homeomorphism. If for any subdomain D ⊂ G and for any x and y ∈ D,
kf(D)(f(x), f(y)) ≤ ϕ(kD(x, y)),
where ϕ is an increasing function, then f is a K-quasiconformal mapping in G with
K = K(c, ϕ).
Again, it follows from Example 1.1 that the answer to Problem 1 is negative. In
the following, we shall further develop the ideas of Theorem A and Problem 1. In
order to state our main result of this paper, two more concepts are required.
Definition 1.5. Let G  X and G′  Y be domains. A homeomorphism f :
G→ G′ is said to be
(1) q-locally η-quasisymmetric for some 0 < q < 1 if there is a homeomorphism
η : [0,∞)→ [0,∞) such that
|x− a| ≤ t|x− b| implies |f(x)− f(a)| ≤ η(t)|f(x)− f(b)|
for every t > 0, for each triplet x, a, b of points in BG(z, qδG(z)) (see Section
3 for the definition) and for all z ∈ G;
(2) q-locally weakly H-quasisymmetric for some 0 < q < 1 if
|x− a| ≤ |x− b| implies |f(x)− f(a)| ≤ H|f(x)− f(b)|
for each triplet x, a, b of points in BG(z, qδG(z)) and for all z ∈ G.
Remark 1.2. (1) The weak quasisymmetry implies the locally weak quasisym-
metry;
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(2) Both the locally weak quasisymmetry and the weak quasisymmetry imply the
quasiconformality.
Now, we are ready to state our main result.
Theorem 1. Suppose that X is a c-quasiconvex and complete metric space and Y is
a c′-quasiconvex metric space and that f : G→ G′ is homeomorphic, where G  X
and G′  Y are domains. Then the following statements are equivalent:
(1) there is a homeomorphism ϕ : [0,∞)→ [0,∞) such that f is ϕ-semisolid in
every subdomain of G;
(2) there are constants µ > 0 and 0 < α < 1 such that f is ϕ1-semisolid in every
subdomain of G, where ϕ1(t) = µmax{tα, t};
(3) there are constants H ≥ 1 and 0 < q < 1 such that f is q-locally weakly
H-quasisymmetric in G,
where the constants µ, α, H, q and the control function ϕ depend on each other and
the constants c and c′.
Remark 1.3. (i) It follows from Remark 1.2 (1) that the implication from (3) to
(1) in Theorem 1 is a generalization of Theorem A.
(ii) It follows from the discussions in Section 4 that the condition “Y being c′-
quasiconvex” is unnecessary in the proof of the implication from (1) to (3) in Theo-
rem 1. Hence Remark 1.2 (2) shows that the implication from (1) to (3) in Theorem
1 is a generalization of Theorem B. Further, this implication implies that the as-
sumption “G being non-point-cut” in Theorem B is redundant.
(iii) The equivalence between (1) and (3) in Theorem 1 together with Example 1.1
can be regarded as a complete answer to Problem 1.
(iv) As we mentioned in the paragraph next to Definition 1.3, the implication from
(1) to (2) in Theorem 1 was first discussed by Gehring and Osgood [7, Theorem 3]
for the Euclidean case X = Y = Rn with µ = µ(K, n) and α = K
1
1−n when f is K-
quasiconformal. Later, Anderson, Vamanamurthy and Vuorinen [1, Theorem 1.12]
proved a version of this result that avoids an explicit reference to the dimension
n, i.e., α = K
1
1−n , but µ = µ(K), i.e. µ is independent of n. In 1999, Va¨isa¨la¨
generalized [7, Theorem 3] and [1, Theorem 1.12] to the setting of Banach spaces
[31, Theorem 12.3]. Obviously, the implication from (1) to (2) in Theorem 1 is a
generalization of [31, Theorem 12.3].
Naturally, the above considerations lead one the following problem: Under the
assumptions of Problem 1, suppose further that there exists a homeomorphism ϕ :
[0,∞) → [0,∞) such that f is ϕ-semisolid in G. Are there constants H ≥ 1 and
0 < q < 1 such that f is q-locally weakly H-quasisymmetric in G?
The following example indicates that the answer to this problem is still negative.
Example 1.2. Let G = {z = x+ iy ∈ C : y > 0} and f : G→ G be the following
homeomorphism:
f(z) =


x+ iy, if x ≤ 0,
x+ i(x+ 1)y, if x ≥ 0, 0 < y ≤ 1,
x+ i(x+ y), if x ≥ 0, y > 1.
6 Manzi Huang, Antti Rasila, Xiantao Wang and Qingshan Zhou
Then the following statements hold:
(a) f is ϕ-semisolid in G, where ϕ(t) =
√
3t;
(b) f is not ψ-semisolid in every proper subdomain of G for any homeomorphism
ψ : [0,∞)→ [0,∞); and
(c) f is not q-locally weakly H-quasisymmetric in G for any H ≥ 1 and 0 < q <
1.
We remark that Example 1.2 was constructed by Va¨isa¨la¨ [31, Example 7.4] when
he showed the conclusion that semisolidity does not imply solidity.
As a direct consequence of Theorem 1, we see from [11, Theorem 3.13] that the
necessity of quasiconformality of homeomorphisms in [21] is also sufficient when
the space is complete and the image space is unbounded as the following result
illustrated.
Theorem 2. Suppose that f : G → G′ is a homeomorphism between two domains
G ( X and G′ ( Y of globally Q-bounded geometry (Q > 1), that X is complete,
and that Y is unbounded. Then the following statements are equivalent:
(1) f is K-quasiconformal;
(2) There are constants µ > 0 and 0 < α < 1 such that f is ϕ1-semisolid in
every subdomain of G, where ϕ1(t) = µmax{tα, t};
(3) There are constants H ≥ 1 and 0 < q < 1 such that f is q-locally weakly
H-quasisymmetric in G,
where the constants K, H, q, µ and α depend on each other and the data of the
spaces X and Y .
It is easy to see that the composition of two ϕ-quasisymmetric mappings is also a
ϕ-quasisymmetric mapping, see [22, Theorem 2.2]. But, in [22], Tukia and Va¨isa¨la¨
have indicated that the composition of two weakly quasisymmetric mappings need
not be weakly quasisymmetric. So, it is significant to study whether the composition
of two locally weakly quasisymmetric mappings is quasisymmetric or quasiconformal.
As another application of Theorem 1, we obtain the following.
Theorem 3. Suppose that Xi is a ci-quasiconvex and complete metric space (i =
1, 2) and that X3 are c3-quasiconvex metric spaces. For domains Gi  Xi (i =
1, 2, 3), if f : G1 → G2 is a q1-locally weakly H1-quasisymmetric mapping and g :
G2 → G3 is a q2-locally weakly H2-quasisymmetric mapping, then
(1) the composition g ◦ f is q-locally H-quasisymmetric;
(2) the composition g ◦ f is also H-quasiconformal,
where the constants q and H depend only on c1, c2, c3, q1, q2, H1 and H2.
The rest of this paper is organized as follows. In Section 2, we shall prove the two
examples: Examples 1.1 and 1.2, and some basic results with respect to quasihyper-
bolic metric and length metric will be shown in Section 3. The next two sections
will be devoted to the proof of the equivalence between (1) and (3) in Theorem 1.
The proof of the equivalence between (1) and (2) in Theorem 1 will be presented in
Section 6, and in Section 7, we shall prove Theorem 3.
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2. Properties of the examples
The purpose of this section is to prove the two examples constructed in the first
section.
2.1. The proof of Example 1.1. It follows from [31, Theorem 5.11] that f is
an isometry with respect to the quasihyperbolic metric. Hence the first statement
holds.
For the proof of (2), we let a = 1
t
, x = 1 and b = t, where t > 1. Suppose on the
contrary that f is weakly H-quasisymmetric for some H > 0. Since |a−x| ≤ |b−x|,
we have
|f(a)− f(x)|
|f(b)− f(x)| ≤ H,
which implies that for any t > 1,
t ≤ H.
This is impossible. Hence the proof is complete. 
2.2. The proof of Example 1.2. Obviously, the first statement (a) follows from
[31, Example 7.4].
Now, we prove (c). Suppose on the contrary that f is q-locally weakly H-
quasisymmetric in G for some H ≥ 1 and 0 < q < 1. Let 0 < ε < 1
2
, O = (n, 1
2
) and
B(O, ε) = {z ∈ C : |z − O| < ǫ}. Then B(O, ε) ⊂ G, and so
qB(O, ε) = B(O, qε) ⊂ G.
Let
a = (n,
1
2
+
1
2
qε) and b = (n− 1
2
qε,
1
2
).
Then we easily know that
a,O, b ∈ qB(O, ε) and |a− O| = |b− O|.
But elementary computations show that
|f(a)− f(O)|
|f(b)− f(O)| =
2
√
5
5
(n+ 1),
which implies that f is not weakly H-quasisymmetric in qB(O, ε) for any H ≥ 1.
Next, we show (b). Suppose that f is ψ-semisolid in every proper subdomain of
G for some homeomorphism ψ : [0,∞) → [0,∞). Then (a) and Theorem 1 or [31,
Theorem 7.9] guarantee that f is q-locally weakly H-quasisymmetric in G for some
H ≥ 1 and 0 < q < 1. This contradicts (c). Hence the proof of the example is
complete. 
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3. Auxiliary results
3.1. Basic geometric results in metric spaces. We always denote the open
metric ball with center x ∈ X and radius r > 0 by
B(x, r) = {z ∈ X : |z − x| < r}
and for λ > 0,
λB(x, r) = {z ∈ X : |z − x| < λr}.
For a set A in X , we always use ∂A (resp. A) to denote the boundary (resp. the
closure) of A.
By a curve, we mean any continuous function γ : [a, b] → X . The length of γ is
denoted by
ℓ(γ) = sup
{ n∑
i=1
|γ(ti)− γ(ti−1)|
}
,
where the supremum is taken over all partitions a = t0 < t1 < t2 . . . < tn = b.
The curve is rectifiable if ℓ(γ) < ∞. In particular, if the metric is taken to be the
quasihyperbolic metric, the length of γ is denoted by ℓqh(γ).
The length function associated with a rectifiable curve γ: [a, b]→ X is sγ : [a, b]→
[0, ℓ(γ)], given by sγ(t) = ℓ(γ|[a,t]). For any rectifiable curve γ : [a, b] → X , there is
a unique curve γs : [0, ℓ(γ)]→ X such that γ = γs ◦ sγ . Obviously, ℓ(γs|[0,t]) = t for
t ∈ [0, ℓ(γ)]. The curve γs is called the arclength parametrization of γ.
For a rectifiable curve γ in X , the line integral over γ of each Borel function ̺ :
X → [0,∞) is ∫
γ
̺ds =
∫ ℓ(γ)
0
̺ ◦ γs(t)dt.
Let X be a connected metric space and Ω a nonempty proper subset of X . It
follows from [14, Remark 2.2] that if Ω is open, then ∂Ω 6= ∅. Further, we have
Lemma 3.1. Suppose X is a connected metric space. For any nonempty set Ω ( X,
∂Ω 6= ∅.
Proof. Suppose on the contrary that ∂Ω = ∅. Let u ∈ Ω. Then there is an open
set V ⊂ X such that u ∈ V and either V ⊂ Ω or V ⊂ X\Ω. Since u ∈ V ∩ Ω, we
see that V ⊂ Ω. This implies that Ω is open. By [14, Remark 2.2], it is impossible.
Hence the lemma holds. 
For z ∈ Ω, we always use δΩ(z) to denote the distance from z to ∂Ω. We make the
convention that δΩ(z) = 0 if and only if z ∈ ∂Ω. Then we easily have the following
useful inequality: For any x, y ∈ Ω,
δΩ(x) ≤ δΩ(y) + |x− y|.
For z ∈ Ω, assume that δΩ(z) > 0. Let r ∈ (0, δΩ(z)). Then the metric ball
B(z, r) is not necessarily contained in Ω, and also the intersection B(z, r)∩Ω is not
always connected even when Ω is a domain. So we always consider the component
of the intersection B(z, r)∩Ω containing the center z, which is denoted by BΩ(z, r),
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when Ω is open. Similarly, we use B
Ω
(z, r) (resp. ∂BΩ(z, r)) to denote the closure
(resp. the boundary) of the component of B(z, r) ∩ Ω containing the center z. In
particular, for λ > 0, we always use λBΩ(z, r) to denote the component BΩ(z, λr)
provided λr < δΩ(z). Then we have the following.
Lemma 3.2. Suppose X is a c-quasiconvex metric space and Ω ( X is open. For
any rectifiably connected set D ⊂ B(z, r) with z ∈ D ∩ Ω, if r ≤ δΩ(z), then
D ⊂ BΩ(z, r) ⊂ Ω.
Proof. Obviously, it suffices to prove that D ⊂ Ω. We show this by contradiction.
Suppose on the contrary that D is not contained in Ω. Then there exists a point
u ∈ D ⊂ B(z, r), but u 6∈ Ω. Let γ be a rectifiable curve in D joining the points z
and u. Since ∂Ω 6= ∅ and u 6∈ Ω, we see that there must exist a point u0 such that
u0 ∈ γ ∩ ∂Ω. Hence
|z − u0| ≥ δΩ(z) ≥ r > |z − u0|,
which is the desired contradiction. 
For two domains D and G in a space, in general, the assuption D ⊂ G implies
BD(z, δD(z)) ⊂ BΩ(z, δΩ(z)). This basic and very useful property holds for many
types of spaces, for example in Banach spaces. But this property is not valid in
metric spaces as the following example shows.
Example 3.1. Let
X = l1 ∪ l2 ∪ l3 ∪ l4, Ω = X\l5 and D = l1,
where l1 = {(x, 0) : −2 < x < 2}, l2 = {(x, 1) : −2 < x < 2}, l3 = {(−2, y) : 0 ≤
y ≤ 1}, l4 = {(2, y) : 0 ≤ y ≤ 1} and l5 = {(x, 1) : −1 ≤ x ≤ 1}. Then, obviously,
we have
(1) X is 5-quasiconvex with the Euclidean metric;
(2) D ( Ω, δD(z) = 2 and δΩ(z) =
√
2, where z = (0, 0), and
(3) BΩ(z, δΩ(z)) ( BD(z, δD(z)).
Our next lemma illustrates that with some constraint, this phenomenon can be
avoided.
Lemma 3.3. Suppose X is a c-quasiconvex metric space and Ω ( X is open.
(1) For any nonempty subset P in Ω, we have δP (z) ≤ cδΩ(z) for any z ∈ P ;
(2) For any open subset D in Ω, we have BD
(
z, r
c
δD(z)
)
⊂ BΩ(z, rδΩ(z)) for
any z ∈ D, where 0 < r ≤ 1.
Proof. Obviously, the second statement easily follows from the first one by taking
P = D. So, to prove this lemma, it suffices to show the first statement. Without
loss of generality, we may assume that P ( Ω and δP (z) > 0. Let a ∈ ∂Ω. Then we
claim that
(3.1) δP (z) ≤ c|z − a|.
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It follows from Lemma 3.1 that ∂P 6= ∅. To prove this inequality, we consider two
cases. For the first case where a ∈ ∂P , obviously,
δP (z) ≤ |z − a|.
For the remaining case, that is, a /∈ ∂P , we know that a ∈ X\P . Let α denote a
curve in X connecting a and z such that
ℓ(α) ≤ c|z − a|.
Since z ∈ P , obviously, α ∩ ∂P 6= ∅. Assume that b ∈ α ∩ ∂P . Then
δP (z) ≤ |z − b| < ℓ(α) ≤ c|z − a|.
Hence the inequality (3.1) holds.
By taking the infimum over all a ∈ ∂Ω in (3.1), we easily know that the statement
(1) in the lemma is true, and so the proof of the lemma is complete. 
Further, we have the following result.
Lemma 3.4. Suppose X is a c-quasiconvex metric space and Ω ( X is open.
(1) Suppose z ∈ Ω and 0 < r ≤ 2
2+c
δΩ(z). Then B(z, r) ⊂ Ω;
(2) Suppose z ∈ Ω and 0 < r ≤ 1
1+c
δΩ(z). Then for any x and y ∈ B(z, r), there
must exist a curve γ ⊂ BΩ(z, (1 + c)r) such that
ℓ(γ) ≤ c|x− y|;
(3) Suppose that z ∈ Ω and 0 < r ≤ 1
1+c
δΩ(z). Then
B(z, r) ⊂ BΩ(z, (1 + c)r).
In particular, for any z ∈ Ω and 0 < r ≤ 1
1+c
δΩ(z),
B(z, r) ⊂ BΩ(z, δΩ(z)).
Proof. We prove the first statement by contradiction. Suppose there exists some
x ∈ B(z, r) such that x /∈ Ω. By the assumption, we see that there is a curve β ⊂ X
connecting z and x such that
ℓ(β) ≤ c|x− z|.
Then ℓ(β) < cr. We claim that for w ∈ β,
(3.2) |w − z| < 2 + c
2
r.
To show this claim, let w0 be the point in β such that
ℓ(β[z,w0]) = ℓ(β[w0,x]),
where β[z,w0] denotes the part of β with the endpoints z and w0. According to the
position of w in β, we consider two possibilities. For the first possibility where
w ∈ β[z,w0], we easily see that
|w − z| ≤ 1
2
ℓ(β) <
c
2
r.
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For the other possibility, that is, w ∈ β[x,w0], we can easily get that
|w − z| ≤ |w − x|+ |x− z| < 1
2
ℓ(β) + r ≤ 2 + c
2
r.
Hence (3.2) holds, and the claim is proved.
Now, we proceed with the proof based on (3.2). Since z ∈ Ω and ∂Ω 6= ∅, we
know that β ∩ ∂Ω 6= ∅. Assume that z0 ∈ β ∩ ∂Ω. Then we deduce from (3.2) that
|z0 − z| ≥ δΩ(z) ≥ 2 + c
2
r > |z0 − z|.
This is the desired contradiction, which shows that the statement (1) in the lemma
is true.
To get proofs of the second and the third statements in the lemma, for any x and
y ∈ B(z, r), we let γ denote a curve in X joining x to y such that
ℓ(γ) ≤ c|x− y|.
Then ℓ(γ) < 2cr. Now, we check that
(3.3) γ ⊂ B(z, (1 + c)r) ∩ Ω.
Since for all w ∈ γ,
(3.4) |w − z| ≤ min{|w − x|, |w − y|}+ r ≤ 1
2
ℓ(γ) + r < (1 + c)r,
which implies that γ ⊂ B(z, (1 + c)r).
It remains to prove the inclusion γ ⊂ Ω. Again, we show this by contradiction.
Suppose that γ is not contained in Ω. Since it follows from the statement (1) that x
and y ∈ Ω, there must be a point u0 which is contained in the intersection γ ∩ ∂Ω,
and so (3.4) implies
δΩ(z) ≤ |u0 − z| < (1 + c)r ≤ δΩ(z).
This is the desired contradiction. Hence γ ⊂ B(z, (1 + c)r) ∩ Ω.
For any point v ∈ γ, let ζ denote a curve in X connecting z and v such that
ℓ(ζ) ≤ c|v − z|.
By replacing x (resp. y) by z (resp. v) in (3.3), we can know that
ζ ⊂ B(z, (1 + c)r) ∩ Ω.
The arbitrariness of v ∈ γ makes sure that
γ ⊂ BΩ(z, (1 + c)r).
So the second statement in the lemma holds.
Obviously, the statement (3) follows from (3.3) and the arbitrariness of the points
x and y in B(z, r), and hence the proof of our lemma is complete. 
In the following, we get several applications of Lemma 3.4, which will be useful
in the discussions later on.
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Lemma 3.5. Suppose X is a c-quasiconvex metric space and Ω ( X is open. For
any metric ball B(z, r) with z ∈ Ω and 0 < r ≤ δΩ(z), let B = BΩ(z, r). Then
(1) δB(z) = r;
(2) for any u ∈ B, |u− z| = r if and only if u ∈ ∂B.
Proof. By Lemma 3.1, we know that ∂B 6= ∅. Obviously, we only need to prove
(1) since (2) is a direct consequence of (1). We prove (1) by contradiction.
Suppose δB(z) < r. Then there must exist z0 ∈ ∂B such that
|z0 − z| ≤ δB(z) + r − δB(z)
2
< r.
Since z0 ∈ ∂B and B ⊂ Ω, we know that z0 ∈ Ω. Obviously, z0 /∈ ∂Ω, because
otherwise, δΩ(z) ≤ |z − z0| < r. Hence z0 ∈ Ω.
Let r1 = r − |z0 − z|. Then r1 > 0 and
δΩ(z0) > δΩ(z)− |z − z0| ≥ r1,
and so it follows that
B(z0, r1) ⊂ B(z, r).
Further, let r2 =
1
1+c
r1. Then Lemma 3.4 (3) implies
B(z0, r2) ⊂ BΩ(z0, r1).
Since z0 ∈ ∂B, we see that there is a sequence {xi}∞i=1 ⊂ B such that limi→∞ xi =
z0. Then for all sufficiently large i, xi ∈ B(z0, r2), which implies BΩ(z0, r1) ∩B 6= ∅.
Hence it follows from the fact B(z0, r1) ⊂ B(z, r) that BΩ(z0, r1) ⊂ B, and so
B(z0, r2) ⊂ B.
This is impossible since z0 ∈ ∂B. Hence (1) holds, and so the proof of lemma is
finished. 
Lemma 3.6. Suppose X is a c-quasiconvex metric space and Ω ( X is open. Then
for any 0 < µ ≤ 1, BΩ(z, µδΩ(z)) is a domain in Ω for any z ∈ Ω.
Proof. Obviously, it suffices to show the openness of BΩ(z, µδΩ(z)). Since for any
w ∈ B = BΩ(z, µδΩ(z)), w /∈ ∂B. Otherwise, Lemma 3.5 guarantees that
µδΩ(z) = δB(z) ≤ |z − w| < µδΩ(z).
Hence this lemma is proved. 
By Lemma 3.6, we have the following.
Lemma 3.7. Suppose X is a c-quasiconvex metric space. Then X must be locally
connected.
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Proof. Let z be any point in X , and let U be any open set in X with z ∈ U . To
prove this lemma, we only need to find a domain W in U with z ∈ W .
Since U is open and X is c-quasiconvex, it follows from [18, page 120] that there
is r > 0 such that B(z, r) ( U . Let
V = B(z, r) and W = BV (z, µδV (z)),
where µδV (z) < r. Then we deduce from Lemma 3.6 that this W is our needed.
Hence Lemma 3.7 is true. 
3.2. Quasihyperbolic metric. The quasihyperbolic length of a rectifiable curve or
a path γ in the metric in a domain G  X is the number:
ℓkG(γ) =
∫
γ
|dz|
δG(z)
.
For any z1, z2 in G, the quasihyperbolic distance kG(z1, z2) between z1 and z2 is
defined by
kG(z1, z2) = inf{ℓkG(γ)},
where the infimum is taken over all rectifiable curves γ joining z1 to z2 in G.
Gehring and Palka [8] introduced the quasihyperbolic metric of a domain in Rn.
For the basic properties of this metric we refer to [7]. Recall that a curve γ from
z1 to z2 is a quasihyperbolic geodesic if ℓkG(γ) = kG(z1, z2). Each subcurve of a
quasihyperbolic geodesic is obviously a quasihyperbolic geodesic. It is known that
a quasihyperbolic geodesic between any two points in E exists if the dimension of
X is finite, see [7, Lemma 1]. This is not true in arbitrary metric spaces (cf. [30,
Example 2.9]).
We establish comparison results between the metrics | · | and kG in a c-quasiconvex
metric space. It is a modified version of [14, Theorems 2.7 and 2.8].
Lemma 3.8. Let X be a c-quasiconvex metric space and let G  X be a domain.
(1) For all x, y ∈ G,
(3.5) |x− y| ≤ (ekG(x,y) − 1)δG(x);
(2) Suppose z ∈ G and 0 < t < 1. Then for x, y ∈ BG(z, t
2c
δG(z)
)
,
(3.6)
c
c+ t
· |x− y|
δG(z)
≤ kG(x, y) ≤ c
1− 1+c
2c
t
· |x− y|
δG(z)
;
(3) Suppose that x, y ∈ G and either |x− y| ≤ 1
3c
δG(x) or kG(x, y) ≤ 1. Then
(3.7)
1
2
|x− y|
δG(x)
< kG(x, y) ≤ 3c |x− y|
δG(x)
.
Proof. The inequality (3.5) follows from [14, Theorem 2.7]. In the following, we
prove (3.6) and (3.7).
Since X is a c-quasiconvex metric space, we see from Lemma 3.4 (2) that there is
a curve γ in BG(z, 1+c
2c
tδG(z)) joining x and y with
ℓ(γ) ≤ c|x− y|.
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Since for w ∈ γ,
δG(w) ≥ δG(z)− |w − z| ≥
(
1− 1 + c
2c
t
)
δG(z),
we see that
kG(x, y) ≤
∫
γ
|dw|
δG(w)
≤ c
1− 1+c
2c
t
· |x− y|
δG(z)
.
This shows that the right-side inequality of (3.6) is true. Now, we give a proof of the
left-side inequality of (3.6). It follows from [14, Observation 2.6] that G is rectifiably
connected. Hence it suffices to prove that for any rectifiable curve α ⊂ G joining x
and y,
ℓkG(α) ≥
c
c+ t
· |x− y|
δG(z)
.
To this end, let α be a rectifiable curve in G joining x and y. We divide the proof
into two cases. For the first case where α ⊂ BG(z, t
c
δG(z)), we see that
(3.8) δG(w) ≤ |w − z| + δG(z) ≤
(
1 +
t
c
)
δG(z)
for all w ∈ α, and hence
ℓkG(α) =
∫
α
|dw|
δG(w)
≥ c
c+ t
· |x− y|
δG(z)
,
as required.
For the remaining case, that is, α * B
G
(z, t
c
δG(z)), obviously, α has two sub-curves
α1 and α2 in B
G
(z, t
c
δG(z)) joining the sets ∂BG(z, t2cδG(z)) and ∂B
G(z, t
c
δG(z)).
Again, (3.8) implies
ℓkG(α) ≥
∫
α1∪α2
|dw|
δG(w)
≥ c
c+ t
· |x− y|
δG(z)
,
since ℓ(αi) ≥ t2cδG(z) ≥ |x−y|2 for i = 1, 2. Hence the proof of (3.6) is complete.
To prove (3.7), we first consider the case where |x−y| ≤ 1
3c
δG(x). By taking t =
2
3
in (3.6), obviously, we have that
|x− y|
2δG(x)
<
c|x− y|
(c+ 2
3
)δG(x)
≤ kG(x, y) ≤ 3c
2
2c− 1 ·
|x− y|
δG(x)
≤ 3c |x− y|
δG(x)
.
For the remaining case, that is, |x − y| > 1
3c
δG(z) and kG(x, y) ≤ 1, the right-side
inequality of (3.7) is obvious. Since for r ∈ (0, 1],
er − 1 < 2r,
it follows from (3.5) that
|x− y| ≤ (ekG(x,y) − 1)δG(x) < 2kG(x, y)δG(x),
which implies the left-side inequality of (3.7) is true too. Hence the proof of (3.7)
is complete. 
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The following result is on the quasiconvexity of a domain G in X with respect to
the quasihyperbolic metric kG.
Lemma 3.9. Let X be a c-quasiconvex metric space and let G  X be a domain.
(1) Let γ be a rectifiable path in G. Then ℓkG(γ) is the length of γ in the metric
space (G, kG), i.e., ℓkG(γ) = ℓqh(γ);
(2) Then the space (G, kG) is λ-quasiconvex for all λ > 1.
Proof. The proof of the statement (1) easily follows from (3.6) in Lemma 3.8 and
[4, Lemma 2.6], and the second statement easily follows from the first one. 
We remark that in Lemma 3.9 and in what follows, the notation (G, e) is applied
to emphasize the related metric e.
3.3. Length metric. In the following, we always use d to denote the length metric
in X with respect to | · | and k′G to denote the quasihyperbolic metric with respect to
d in G, where G ( X is a domain. Then we have the following analog of statements
(i) and (ii) in [13, Lemma 9.2] in the setting of c-quasiconvex metric spaces, i.e.
without the assumption that X is proper.
Lemma 3.10. Suppose X is a c-quasiconvex metric space and G ( X is a domain.
Then
(1) for all x, y ∈ X, |x− y| ≤ d(x, y) ≤ c|x− y|; and
(2) for all x, y ∈ G, 1
c
kG(x, y) ≤ k′G(x, y) ≤ ckG(x, y).
Proof. To prove this lemma, it suffices to verify the inequality (2) in the lemma
since the proof of (1) is obvious.
By the inequality (1) in the lemma, it follows that for any curve γ ⊂ X ,
ℓ(γ) ≤ ℓd(γ) ≤ cℓ(γ),
where ℓd(γ) denotes the arclength of γ with respect to d. Let δ
′
G(x) denote the
distance from x to the boundary of G with respect to d. Then we have that for all
x ∈ G,
(3.9) δG(x) ≤ δ′G(x) ≤ cδG(x).
For the proof, we let ε be a positive number. Then there are points a, b ∈ ∂G
such that
|x− a| ≤ δG(x) + ε
c
and d(x, b) ≤ δ′G(x) + ε,
respectively.
By (1), we easily know that
δG(x) ≤ |x− b| ≤ d(x, b) ≤ δ′G(x) + ε
and
δ′G(x) ≤ d(x, a) ≤ c|x− a| ≤ cδG(x) + ε.
Thus the inequality (3.9) easily follows from the arbitrariness of ε.
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Now, we can finish the proof by using (3.9). Let |dd(z)| denote the arclength
differential with respect to the length metric d. Then
|dz| ≤ |dd(z)| ≤ c|dz|.
Since for all x, y ∈ G and for any h > 0, there is a curve γ (resp. γ′) connecting
x and y in G such that
ℓkG(γ) ≤ kG(x, y) +
h
c
(resp. ℓk′
G
(γ′) ≤ k′G(x, y) +
h
c
),
we know that
k′G(x, y) ≤
∫
γ
|dd(z)|
δ′G(z)
≤
∫
γ
c|dz|
δG(z)
= cℓkG(γ) ≤ ckG(x, y) + h
and
kG(x, y) ≤
∫
γ′
|dz|
δG(z)
≤
∫
γ′
c|dd(z)|
δ′G(z)
= cℓk′
G
(γ′) ≤ ck′G(x, y) + h.
Obviously, letting h→ 0 yields the inequality (2) in the lemma, and so the proof of
the lemma is complete. 
4. The proof of the implication from (1) to (3) in Theorem 1
This section consists of two subsections. In the first subsection, we shall show the
implication from relativity and locally weak quasisymmetry with a constraint on the
coefficient of quasiconvexity. In the second subsection, the proof of the implication
from (1) to (3) in Theorem 1 will be proved.
4.1. Relativity and locally weak quasisymmetry. We start this subsection
with the definition of relativity of homeomorphisms.
Definition 4.1. Suppose f : G → G′ is a homeomorphism, where G ( X and
G′ ( Y are domains. Then f is said to be
(1) (θ; t0)-relative if there are t0 ∈ (0, 1] and a homeomorphism θ: [0, t0) →
[0,∞) such that
|f(x)− f(y)|
δG′(f(x))
≤ θ
( |x− y|
δG(x)
)
whenever x, y ∈ G with |x− y| < t0δG(x);
(2) θ-relative if t0 = 1.
The following is the main result in this subsection.
Lemma 4.1. Suppose that X is a c-quasiconvex metric space with 1 ≤ c ≤ 1+
√
3
2
and that both G ( X and G′ ( Y are domains. If f : G→ G′ is θ-relative in every
subdomain of G, then f is q′-locally η′-quasisymmetric in G with q′ = q′(c) = 1
(2+c)3
and η′ = η′θ,c.
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Proof. Since θ : [0, 1) → [0,∞) is homeomorphic, without loss of generality, we
assume that
M = θ
( 2c
1 + 2c
)
> 1.
For distinct points x, a, b in BG(z, qδG(z)) with |x − a| = t|x − b|, where z ∈ G
and t > 0, to prove that f is locally quasisymmetric in G, we need a relationship
between |f(a)− f(x)| and |f(x)− f(b)|. To this end, we divide the discussions into
three cases according to the location of the parameter t. We first discuss the case
where 0 < t ≤ 2c
1+2c
. In this case, we have
Claim 4.1. Suppose 0 < t ≤ 2c
1+2c
and 0 < q1 ≤ 12+c . Then
(1) x and a must lie in a component of G \ {b}, denoted by Gabx. Further, Gabx
is open;
(2) |f(a)− f(x)| ≤ θ(t)|f(x)− f(b)|.
We prove (1) in the claim by contradiction. Suppose on the contrary that x and
a lie in two different components of G \ {b}. By Lemma 3.4 (2), there exists a curve
α ⊂ G joining x and a with
ℓ(α) ≤ c|x− a|.
Then from the contrary assumption we know that b ∈ α. Moreover,
|x− b| < ℓ(α) ≤ c|x− a| = ct|x− b|,
and so
1
c
< t ≤ 2c
1 + 2c
.
This is the desired contradiction since we have assumed that c ≤
√
3+1
2
. Hence we
know that x and a lie in the same component of G \ {b}, which is denoted by Gabx.
Still, we need to show that Gabx is open. This directly follows from Lemma 3.7
and [18, Theorem 25.4]. Hence Gabx is a domain in G\{b}, and so the first statement
in the claim is true.
It follows from the first statement in the lemma that Gabx is a subdomain of
G \ {b}. Then the assumptions in the lemma guarantee that the restriction f |Gabx
is θ-relative. For the moment, we need an auxiliary result.
Assertion 4.1. b ∈ ∂Gabx ⊂ ∂(G\{b}) = ∂G ∪ {b}.
Obviously, the relation b ∈ ∂Gabx follows from the rectifiable connectedness of G
(cf. [14, Observation 2.6]).
For convenience, let G\{b} = Gb. In the following, we prove the inclusion ∂Gabx ⊂
∂(Gb) by contradiction. Suppose on the contrary that there is a point w ∈ (∂Gabx)∩
Gb. It follows that r = δGb(w) > 0, and thus there is a point u ∈ B(w, 11+cr), but
u /∈ Gabx.
Since w ∈ ∂Gabx, we see that there are wn ∈ Gabx such that wn → w as n → ∞.
Without loss of generality, we may assume that all wn ∈ B(w, 11+cr). Since u, wn ∈
B(w, 1
1+c
r), we see from Lemma 3.4 (2) that there is a curve τ ′n ⊂ BGb(w, r) ⊂ Gb
connecting wn and u.
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On the other hand, the first statement in the claim and [14, Observation 2.6]
guarantee that Gabx is rectifiably connected. Since a and wn ∈ Gabx (resp. x and
wn ∈ Gabx), we know that there is a curve τ ′′n (resp. τ ′′′n ) in Gabx connecting a and wn
(resp. x and wn). Then τ
′′
n ∪ τ ′n ⊂ Gb (resp. τ ′′′n ∪ τ ′n ⊂ Gb) connects a and u (resp.
x and u). Hence u ∈ Gabx. This contradiction finishes the proof of the assertion.
We continue the proof of the claim with the aid of Assertion 4.1. Since
δG(x) ≥ δG(z)− |x− z| ≥ δG(z)− qδG(z) > 2q1δG(z) > |x− b|,
we infer from Assertion 4.1 that
|x− a| = t|x− b| = tδGabx(x) < δGabx(x),
and, again, this assertion guarantees that
(4.1) |f(a)− f(x)| ≤ θ(t)δf(Gabx)(f(x)) ≤ θ(t)|f(x)− f(b)|.
Hence the proof of the claim is complete.
Obviously, θ(t) ≤M .
Second, we consider the case where 2c
1+2c
< t ≤ 1. In this case, we have
Claim 4.2. If 2c
1+2c
< t ≤ 1 and 0 < q2 ≤ 1(2+c)2 , then
|f(a)− f(x)| ≤ H|f(x)− f(b)|,
where H = H(θ, c) ≥M .
In this case, by constructing a curve connecting x and a and choosing suitable
points from this curve, we shall apply the similar reasoning as in Claim 4.1 to any
two successive points to obtain our desired inequality.
By Lemma 3.4 (2), there is a curve β ⊂ BG(z, (1+ c)q2δG(z)) joining x and a with
ℓ(β) ≤ c|x− a|.
Define inductively the successive points x = x0, . . . , xk = a of β so that xj is the
last point of β in B(xj−1, ( 2c1+2c)
j|x− b|). Obviously, k ≥ 2, and for 1 ≤ j ≤ k − 1,
|xj−1 − xj | =
(
2c
1 + 2c
)j
|x− b|
and
|xk−1 − xk| ≤
(
2c
1 + 2c
)k
|x− b|.
Now, we start to get an upper bound for k. Since for 1 ≤ j ≤ k − 1,
l(β[xj−1, xj ]) ≥ |xj−1 − xj | =
( 2c
1 + 2c
)j
|x− b|,
we have
k−1∑
j=1
(
2c
1 + 2c
)j
|x− b| ≤ l(β) ≤ c|x− a| = ct|x− b| < c|x− b|.
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Hence we obtain
(4.2) k <
log 2
log(1 + 2c)− log(2c) + 1 = k0.
For points x1, x0 = x and b, since |x1 − x0| = 2c1+2c |x− b| and (1 + c)q2 < 12+c , the
similar method in the proof of (4.1) shows that
(4.3) |f(x1)− f(x0)| ≤ M |f(x)− f(b)|,
and for points x0, x1 and x2, since |x2 − x1| ≤ 2c1+2c |x1 − x0|, similarly, we have
(4.4) |f(x2)− f(x1)| ≤M |f(x1)− f(x0)| ≤ M2|f(x)− f(b)|.
Now, we claim that for 1 ≤ j ≤ k,
(4.5) |f(xj)− f(xj−1)| ≤M j |f(x)− f(b)|.
By the relations (4.3) and (4.4), we see that to check (4.5), it suffices to discuss
the case where k > 2. In this case, for 1 ≤ j ≤ k − 1, as in Claim 4.1, we use
Gj = Gxj−1xjxj+1 to denote the component of G\{xj} containing the points xj−1
and xj+1. Then by Lemma 3.7 and [18, Theorem 25.4], we know that for each j,
Gj is a domain in G\{xj}, and thus the assumptions in the lemma imply that the
restriction f |Gj is θ-relative. For points xj+1, xj and xj−1, since
|xj − xj+1| ≤ 2c
1 + 2c
|xj − xj−1|,
it follows from
δG(xj)− |xj − xj−1| ≥ δG(x0)−
j−1∑
i=0
|xi − xi+1| − |xj − xj−1|
≥ δG(z)− |x0 − z| −
j−1∑
i=0
|xi − xi+1| − |xj − xj−1|
>
(
1− (1 + 4c)q2
)
δG(z) ≥ 0
together with Assertion 4.1 that for j ≥ 2,
|xj − xj+1| ≤ 2c
1 + 2c
|xj − xj−1| = 2c
1 + 2c
δDj−1(xj) < δDj−1(xj),
which shows that
|f(x3)− f(x2)| ≤Mδf(D1)(f(x2)) ≤M |f(x2)− f(x1)| ≤M3|f(x)− f(b)|,
. . .
|f(xk)− f(xk−1)| ≤Mδf(Dk−2)(f(xk−1)) ≤Mk|f(x)− f(b)|.
Hence the relation (4.5) is true.
It follows from (4.5) that
|f(a)− f(x)| ≤
k∑
j=1
|f(xj)− f(xj−1)| < kMk|f(x)− f(b)|.
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Combining the estimate (4.2) on k, we have
(4.6) |f(x)− f(a)| ≤ H|f(x)− f(b)|,
where H = k0M
k0 ≥M. The Claim 4.2 is proved.
By Claims 4.1 and 4.2, in fact, we have proved the following conclusion.
Corollary 4.1. The restriction f |BG(z, 1
(2+c)2
δG(z))
is weakly H-quasisymmetric with
H = k0M
k0 ≥M .
Finally, we consider the case where t > 1.
Claim 4.3. If t > 1, then for any x, a, b ∈ BG(z, 1
(2+c)3
δG(z)),
|f(a)− f(x)| ≤ (1 + ct)H1+ct|f(b)− f(x)|.
We shall use Corollary 4.1 to prove this claim. For any x, a, b ∈ BG(z, 1
(2+c)3
δG(z)),
Lemma 3.4 (2) implies that there is a curve γ ⊂ BG(z, 1
(2+c)2
δG(z)) joining x and a
with
ℓ(γ) ≤ c|x− a|.
Define inductively the successive points x = u0, . . . , u̺ = a of γ so that each ui
denotes the last point of γ in B(ui−1, |b− x|). Then
̺ ≥ 2, |ui−1 − ui| = |b− x| for 1 ≤ i ≤ ̺− 1 and |u̺−1 − u̺| ≤ |b− x|.
Now, we come to obtain an upper bound for ̺. Since for 1 ≤ i ≤ ̺− 1,
ℓ(γ[ui−1, ui]) ≥ |ui−1 − ui| = |b− x|,
we have
(̺− 1)|b− x| ≤ ℓ(γ) ≤ c|x− a| = ct|b− x|,
which implies that
(4.7) ̺ ≤ 1 + ct.
Since b and all ui (i ∈ {0, . . . , ̺}) are contained in BG(z, 1(2+c)2 δG(z)), Corollary
4.1 guarantees that
|f(a)− f(x)| ≤
̺∑
i=1
|f(ui)− f(ui−1)| ≤ ̺H̺|f(x)− f(b)|.
Thus, (4.7) implies
(4.8) |f(a)− f(x)| ≤ (1 + ct)H(1+ct)|f(b)− f(x)|.
The proof of Claim 4.3 is complete.
Now, we are able to finish the proof. Let
η′(t) =


H
M
θ(t), if 0 < t ≤ 2c
1 + 2c
,
k0t+ k1, if
2c
1 + 2c
≤ t ≤ 1,
(1 + ct)H(1+ct), if t > 1,
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where
k0 = (1 + 2c)[(1 + c)H
1+c −H ] and k1 = −2c(1 + c)H1+c + (1 + 2c)H.
Then it follows from (4.1), (4.6) and (4.8) that for any x, a, b ∈ BG(z, 1
(2+c)3
δG(z))
with |a− x| = t|b− x|,
|f(a)− f(x)| ≤ η′(t)|f(b)− f(x)|.
This shows that Lemma 4.1 holds. 
4.2. The proof of the implication from (1) to (3) in Theorem 1. By using
the length metric, we shall show Lemma 4.2 below, from which the proof of the
implication from (1) to (3) in Theorem 1 easily follows. We start with the definition
of “strong geodesic condition” (cf. [6]).
Definition 4.2. Suppose X is a rectifiably connected metric space and G ( X is a
domain. We say that G satisfies the strong geodesic condition if every ball B(x0, r)
of G satisfies the following condition: for every x ∈ B(x0, r) there exists a curve γ
in B(x0, r) connecting x and x0 such that ℓ(γ) < r.
The following result is related to the property of the strong geodesic condition for
curves.
Claim 4.4. Suppose that X is a c-quasiconvex metric space and that both D ( X
and D′ ( Y are domains. If
(1) for any x0 ∈ D and 0 < r < δD(x0), B(x0, r) ⊂ D;
(2) D satisfies the strong geodesic condition; and
(3) f : D → D′ is ϕ-semisolid,
then f is θ-relative with θ = θϕ,c.
For the proof, we let x, y ∈ D with |x − y| = tδD(x), where 0 < t < 1. We shall
find a homeomorphism θ : [0, 1)→ [0,∞) such that
|f(x)− f(y)|
δD′(f(x))
≤ θ
( |x− y|
δD(x)
)
= θ(t),
where θ = θϕ,c.
To reach this goal, first, we estimate the quasihyperbolic distance between x and
y, which is as follows:
(4.9) kD(x, y) ≤ 1 + t
1− t .
Since y ∈ B(x, 1+t
2
δD(x)) ⊂ D, we see from the assumptions in the claim that
there is a curve γ connecting x and y in B(x, 1+t
2
δD(x)) such that
ℓ(γ) <
1 + t
2
δD(x).
Hence
δD(z) ≥ δD(x)− |x− z| ≥ 1− t
2
δD(x)
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for all z ∈ γ, and as a consequence, we have
kD(x, y) ≤
∫
γ
|dz|
δD(z)
≤ 1 + t
1− t ,
as required.
Second, by (3.7) in Lemma 3.8, we have that if 0 ≤ t ≤ 1
3c
, then
(4.10) kD(x, y) ≤ 3ct.
Now, we are ready to construct the needed homeomorphism. Let ψ(t) = et − 1
and
θ0(t) =


3c(3c+ 1)
3c− 1 t, if 0 ≤ t ≤
1
3c
,
1 + t
1− t , if
1
3c
< t < 1.
Then by (3.5) in Lemma 3.8, we know that
|f(x)− f(y)|
δD′(f(x))
≤ ψ
(
kD′(f(x), f(y))
)
≤ ψ ◦ ϕ ◦ θ0(t),
and obviously, θ = ψ ◦ ϕ ◦ θ0 is what we want. Hence Claim 4.4 is complete.
Next, we are going to show that, in the setting of length metric, the assumptions
(1) and (2) in Claim 4.4 are naturally satisfied.
Claim 4.5. Suppose that X is a c-quasiconvex metric space and that D ( X is a
domain. Then
(1) for any x0 ∈ D and 0 < r < δ′D(x0), Bd(x0, r) = {x ∈ X : d(x, x0) < r} ⊂
D; and
(2) D satisfies the strong geodesic condition with respect to d.
Here and in what follows, we always use the notation id|·| to denote the identity
map which is from (Q, | · |) to (Q, d) for any domain Q in X .
Since (X, d) is λ-quasiconvex for any λ > 1, Lemma 3.10 (1) implies that the map
id|·| : (D, | · |)→ (D, d)
is λ-bilipschtiz, which shows that (D, d) is also a domain.
For any x0 ∈ D, clearly, the ball Bd(x0, r) is rectifiably connected, since every
two points in Bd(x0, r) can be joined by a curve through x0 with length at most
2r. Then Lemma 3.2 makes sure that for all r ∈ (0, δ′D(x0)), the ball Bd(x0, r) is
contained in D. Hence (1) holds.
To prove (2) in the claim, we let y be an arbitrary point in Bd(x0, r). Since
d(x0, y) < r, we see that there is a curve γ in X joining y and x0 such that
ℓd(γ) ≤ d(y, x0) + 1
2
(r − d(y, x0)) < r.
which implies γ ⊂ Bd(x0, r), and so, we see that D satisfies the strong geodesic
condition with respect to d, and hence the proof of Claim 4.5 is complete.
Semisolidity and locally weak quasisymmetry of homeomorphisms in metric spaces 23
Suppose that X is a c-quasiconvex metric space and that both G ( X and G′ ( Y
are domains. For a homeomorphism f : G→ G′, let
g = f ◦ id−1|·| : (G, d)→ (G′, | · |).
Then we have the following claim.
Claim 4.6. If f is ϕ-semisolid in every subdomain D of G, then g is θ′-relative in
D, where θ′ = θ′ϕ,c.
We are going to apply Claims 4.4 and 4.5 to show this claim. We assume that D
is an arbitrary subdomain of G. Since for all x, y ∈ (D, d),
kf(D)(g(x), g(y)) ≤ ϕ(kD(id−1|·| (x), id−1|·| (y))) ≤ ϕ(ck′D(x, y)) = ϕ′(k′D(x, y)),
where ϕ′(t) = ϕ(ct) This implies that g is ϕ′-semisolid in D. Then it follows from
Claim 4.5 that g satisfies all assumptions in Claim 4.4 if the metric | · | is replaced
by the one d. Claim 4.4 tells us that g is θ′-relative in D, where θ′ = θ′ϕ,c. Hence
the claim is proved.
Lemma 4.2. Suppose that X is a c-quasiconvex metric space and that both G ( X
and G′ ( Y are domains. If f : G → G′ is ϕ-semisolid in every subdomain of G,
then
(1) there is a homeomorphism η = ηϕ,c : [0,∞)→ [0,∞) such that f is q-locally
η-quasisymmetric in G, where q = 1
(2+c0)3c
;
(2) there is a constantH = H(ϕ, c) such that f is q-locally weakly H-quasisymmetric
in G.
Proof. We first prove (1) in the lemma. Obviously, (X, d) is c0-quasiconvex with
c0 =
√
3+1
2
. By applying Claim 4.6, we see that the induced map
g = f ◦ id−1|·| : (G, d)→ (G′, | · |)
is θ-relative in every subdomain of G with θ = θϕ,c0 = θϕ. So Lemma 4.1 is available
now. It follows from this lemma that g is q′-locally η-quasisymmetric with q′ =
1
(2+c0)3
and η′ = η′c0,θ = η
′
ϕ.
Now, we show that f is q-locally η-quasisymmetric, where q = 1
(2+c0)3c
and η(t) =
η′(ct).
For any x, a, b ∈ BG(z, qδG(z)) with |x − a| ≤ t|x − b|, it follows from Lemma
3.10 (1) and (3.9) that
d(w, z) ≤ c|w − z| < cqδG(z) ≤ q′δ′G(z)
for all w ∈ BG(z, qδG(z)), which implies that
BG(z, qδG(z)) ⊂ Bd(z, q′δ′G(z))
as a set. Again using Lemma 3.10 (1) we get
d(x, a) ≤ c|x− a| ≤ ct|x− b| ≤ ctd(x, b),
and then
|f(x)−f(a)| = |g◦id|·|(x)−g◦id|·|(a)| ≤ η′(ct)|g◦id|·|(x)−g◦id|·|(b)| = η(t)|f(x)−f(b)|,
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where η(t) = η′(ct). Hence (1) in the lemma is proved.
The proof of the second statement in this lemma easily follows from (1) by taking
H = max{η(1), 1}. Hence the proof of Lemma 4.2 is complete. 
5. The proof of the implication from (3) to (1) in Theorem 1
This section consists of four subsections. In the first subsection, a mapping prop-
erty of locally weakly quasisymmetric mappings is given, and the proof of the im-
plication from (3) to (1) in Theorem 1 is contained in the rest three subsections.
5.1. A mapping property of locally weakly quasisymmetric mappings.
Lemma 5.1. Suppose that X is a c-quasiconvex and complete metric space, and
that f : G → G′ q-locally weakly H-quasisymmetric with H ≥ 1 and 0 < q < 1,
where G ( X and G′ ( Y are domains. For z ∈ G, let Q = BG(z, r), where
0 < r ≤ q
1+2c
δG(z). Then f(∂Q) = ∂f(Q) and ∂f(Q) ⊂ f(Q).
Proof. Let {f(wj)}∞j=1 be a Cauchy sequence in f(Q) and {wj}∞j=1 the correspond-
ing sequence in Q. Then we have
Claim 5.1. The sequence {wj}∞j=1 is Cauchy.
We prove this claim by contradiction. Suppose {wj}∞j=1 is not a Cauchy sequence.
Then there is ε > 0 such that for each positive integer k, there is j(k) > k satisfying
|wk − wj(k)| ≥ ε.
Obviously, there is zk ∈ {wk, wj(k)} such that
(5.1) |zk − w1| ≥ ε/2.
Let t = 2r
ε
. Then we have
|w1 − wj(1)| ≤ 2r = tε ≤ 2t|zk − w1|.
For their images under f , we have the following estimate.
Assertion 5.1. |f(w1)− f(wj(1))| ≤ (1 + 2ct)H1+2ct|f(zk)− f(w1)|.
We divide the proof into two cases. For the first case where 2t ≤ 1, since |w1 −
wj(1)| ≤ 2t|zk − w1| ≤ |zk − w1| and since w1, wj(1) and zk ∈ BG(z, q1+2cδG(z)) ⊂
BG(z, qδG(z)), we have
|f(w1)− f(wj(1))| ≤ H|f(zk)− f(w1)|,
as required.
For the remaining case, that is, 2t > 1, by Lemma 3.4 (2), there is a curve γ in
BG(z, 1+c
1+2c
qδG(z)) joining w1 and wj(1) such that
ℓ(γ) ≤ c|w1 − wj(1)|.
Define inductively the successive points w1 = a0, . . . , as = wj(1) of γ so that for
each i ∈ {1, . . . , s}, ai denotes the last point of γ in B(ai−1, |zk − w1|). Obviously,
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s ≥ 2. The following upper bound of s is needed in the proof later on. Since for
i ∈ {1, . . . , s− 1},
|ai − ai−1| = |zk − w1| ≤ ℓ(γ[ai−1,ai]),
we see that
(s− 1)|zk − w1| ≤ ℓ(γ) ≤ c|w1 − wj(1)| ≤ 2ct|zk − w1|.
Hence
(5.2) s ≤ 1 + 2ct.
Since all zk and ai (i ∈ {0, . . . , s}) are contained in BG(z, 1+c1+2cqδG(z)) ⊂ BG(z, qδG(z)),
we know that
|f(w1)− f(wj(1))| ≤
s∑
i=1
|f(ai)− f(ai−1)| ≤ sHs|f(zk)− f(w1)|
≤ (1 + 2ct)H1+2ct|f(zk)− f(w1)|.
Hence the assertion holds.
Let us proceed with the proof of Claim 5.1. Since
|zk − w1| ≤ 2r = tε ≤ t|wk − wj(k)|,
by replacing 2t with t, the similar reasoning as in the proof of Assertion 5.1 shows
that
|f(zk)− f(w1)| ≤ (1 + ct)H1+ct|f(wk)− f(wj(k))|.
Since {f(wj)}∞j=1 is a Cauchy sequence, we see that |f(wk)−f(wj(k))| → 0 as k →
∞, and so f(zk)→ f(w1). Then it follows from Assertion 5.1 that f(w1) = f(wj(1)),
which is a contradiction since f is homeomorphic. The claim is proved.
Since X is complete, Claim 5.1 implies that {wj}∞j=1 converges to a point u ∈ Q,
and so f(wj)→ f(u) ∈ f(Q), which shows that the lemma is true. 
5.2. Locally weak quasisymmetry and ring property. We start this subsection
with the definition of ring property.
Definition 5.1. Suppose f : G → G′ is a homeomorphism, where G ( X and
G′ ( Y are domains. f is said to have the (M ;α; β)-ring property in G if there are
constants 1 < α ≤ β and M > 0 such that for any B = BG(z, r) with z ∈ G and
βr < δG(z),
diam(f(B)) ≤M dist(f(B), ∂f(αB)),
where diam(U) (resp. dist(U,V)) means the diameter (resp. the distance) of the set
U (resp. between the two disjoint sets U and V ).
Lemma 5.2. Under the assumptions in Theorem 1, and further, if f is q-locally
weakly H-quasisymmetric in G with H ≥ 1 and 0 < q < 1, then f has the (M ;α; β)-
ring property in every subdomain of G, where all the constants M , α and β depend
only on c, q and H.
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Proof. The assumptions in the lemma imply that
(5.3) |f(x)− f(a)| ≤ H|f(x)− f(b)|
for any triplet x, a and b of points in BG(z, qδG(z)) with |x − a| ≤ |x − b| and for
any z ∈ G. We shall show that for any subdomain D of G, f has the (M ;α; β)-ring
property in D with
M = 2H2(H + 1), α = 3 and β = 6cq−1.
For w ∈ D, let K = BD(w, r), where 0 < r ≤ q
6(1+c)
δD(w). Then
K ⊂ 3K ⊂ BD(w, q
2c
δD(w)).
Since Lemma 3.3 shows BD(w, q
2c
δD(w)) ⊂ BG(w, qδG(w)), we know that
K ⊂ 3K ⊂ BG(w, qδG(w)).
We first show a claim.
Claim 5.2. diam(f(K)) ≤ 2H2(H + 1) dist(f(K), f(∂(3K))).
Obviously, it suffices to show that for all a, b, y ∈ K and z ∈ ∂(3K),
|f(a)− f(b)| ≤ 2H2(H + 1)|f(y)− f(z)|.
Since for any u ∈ ∂K, it follows from Lemma 3.5 that
max{|a− w|, |b− w|} ≤ |u− w| ≤ |z − u|.
Then we know from (5.3) that
|f(a)−f(b)| ≤ |f(a)−f(w)|+ |f(b)−f(w)| ≤ 2H|f(u)−f(w)| ≤ 2H2|f(z)−f(u)|.
Meanwhile, by Lemma 3.5, we have |y − u| ≤ |z − y|, which implies
|f(y)− f(u)| ≤ H|f(y)− f(z)|,
whence
|f(z)− f(u)| ≤ |f(z)− f(y)|+ |f(y)− f(u)| ≤ (H + 1)|f(y)− f(z)|.
Hence
|f(a)− f(b)| ≤ 2H2(H + 1)|f(y)− f(z)|,
as required, and so the claim holds.
We are ready to finish the proof of Lemma 5.2. By Lemma 5.1 and Claim 5.2, we
see that
diam(f(K)) ≤ 2H2(H+1) dist(f(K), f(∂(3K))) = 2H2(H+1) dist(f(K), ∂f(3K)).
Hence the proof of the lemma is complete. 
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5.3. Ring property and relativity.
Lemma 5.3. Under the assumptions in Theorem 1, and further, if f is q-locally
weakly H-quasisymmetric with H ≥ 1 and 0 < q < 1, then f is (θ; t0)-relative in
every subdomain of G, where θ = θc,c′,M,α,β and t0 = t0(c, c
′,M, α, β).
Proof. By Lemma 5.2, we may assume that f has the (M ;α; β)-ring property in
every subdomain of G, where M = 2H2(H + 1), α = 3 and β = 6cq−1. Let D be a
subdomain of G and
t0 =
1
2c(2cα)3β
.
To prove this lemma, it suffices to prove that f is (θ, t0)-relative in D for some
homeomorphism θ: [0, t0)→ [0,∞), where θ = θc,c′,M,α,β. To find such a homeomor-
phism, we let x and y ∈ D with |x− y| = tδD(x), where t ∈ (0, t0), and let m be the
largest integer with
2c(2cα)mβt < 1.
Obviously, m ≥ 3. Set
B0 = B
D(x, tδD(x))
and for 1 ≤ j ≤ m,
sj = (2cα)
j.
Then
2csjβtδD(x) ≤ 2csmβtδD(x) < δD(x).
Let z′0 ∈ ∂f(D) be such that
|z′0 − f(x)| ≤ 2δf(D)(f(x)).
Then there is a curve γ ⊂ Y joining f(x) and z′0 such that
ℓ(γ) ≤ c′|z′0 − f(x)| ≤ 2c′δf(D)(f(x)).
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Figure 1. The curve γ in Y and the related points.
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Let
Bj = B
D(x, sjtδD(x)).
Then it follows that for each j ≤ m,
(5.4) diam(f(Bj)) ≤M dist(f(Bj), ∂f(αBj)) ≤ M dist(f(Bj), ∂f(2cαBj)),
and so
dist(f(Bj), ∂f(D)) ≥ dist(f(Bm), ∂f(D)) ≥ dist(f(Bm), ∂f(2cαBm))
≥ 1
M
diam(f(Bm)) > 0,
which implies that for each j ∈ {1, 2, . . ., m}, the intersection set γ ∩ ∂f(Bj) is not
empty. Let yj ∈ γ ∩ ∂f(Bj) (see Figure 1). Then it follows from (5.4) that for each
3 ≤ j ≤ m,
|y2 − f(x)| ≤ diam(f(Bj−1)) ≤ Mdist(f(Bj−1), ∂f(2cαBj−1))
= M dist(f(Bj−1), ∂f(Bj)).
Since for each j ≤ m, sjt < q12c2 , we see that Bj ⊂ BD
(
x, q
1+2c
δD(x)
)
, and then
Lemma 5.1 implies that
∂f(Bj−1) ⊂ f(Bj−1).
Hence
|y2−f(x)| ≤M dist(∂f(Bj−1), ∂f(Bj)) ≤M dist(∂f(Bj−1), ∂f(Bj)) ≤ M |yj−yj−1|.
Summing over the indices j, we obtain that
(m− 2)|y2 − f(x)| ≤ M
m∑
j=3
|yj − yj−1| < Mℓ(γ) ≤ 2Mc′δf(D)(f(x)).
Moreover, since y ∈ B(x, tδD(x)), Lemma 3.4 (3) guarantees that y ∈ B1, and so
it follows that
|f(x)− f(y)| ≤ diam(f(B1)) ≤ Mdist(f(B1), ∂f(B2)) ≤M |y2 − f(x)|.
Hence
|f(x)− f(y)|
δf(D)(f(x))
≤ 2M
2
m− 2c
′.
Since 2c(2cα)3βt < 1 ≤ 2c(2cα)m+1βt, we have
m− 2 ≥ log(1/(2cβt))− 3 log(2cα)
log(2cα)
,
which implies that
|f(x)− f(y)|
δf(D)(f(x))
≤ 2M
2c′ log(2cα)
log(1/(2c(2cα)3βt))
.
Now, let
θ(t) =
2M2c′ log(2cα)
log(1/(2c(2cα)3βt))
.
Obviously, this θ is the desired. Hence Lemma 5.3 holds. 
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5.4. Relativity and semisolidity.
Lemma 5.4. Under the assumptions in Theorem 1, and further, if f is (θ; t0)-
relative in every subdomain of G, then there exists a homeomorphism ϕ : [0,∞)→
[0,∞) such that f is ϕ-semisolid in every subdomain of G, where ϕ = ϕc′,θ,t0.
Proof. Assume that f is (θ; t0)-relative in every subdomain of G. Then it suffices
to prove that f is ϕ-semisolid in any subdomain D of G, where ϕ = ϕc′,t0,θ. To this
end, we choose
t1 =
1
2
min
{
t0, θ
−1
( 1
3c′
)}
,
and let x and y be any two points in D with kD(x, y) < t1. Then it follows from
Lemma 3.8 (3.7) that
|x− y|
δD(x)
≤ 2kD(x, y) < 2t1 ≤ t0,
which implies
|f(x)− f(y)| ≤ θ(2kD(x, y))δf(D)(f(x)) ≤ θ(2t1)δf(D)(f(x)) ≤ 1
3c′
δf(D)(f(x)).
Again, Lemma 3.8 (3.7) leads to
kf(D)(f(x), f(y)) ≤ 3c′ |f(x)− f(y)|
δf(D)(f(x))
≤ 3c′θ(2kD(x, y)).
Hence, f is (ψ, t1)-uniformly continuous in the QH metric with ψ(t) = 3c
′θ(2t) (See,
for example, [25] or [26] for the definition). Obviously, ψ(0) = 0. Since (D, kD) is
λ-quasiconvex for any λ > 1, we see from [25, Lemma 2.5] or [26, Lemma 3.2] that
there is a homeomorphism ϕ = ϕt1,ψ : [0,∞)→ [0,∞) such that f is ϕ-semisolid in
D. Obviously, ϕ = ϕc′,t0,θ, and thus Lemma 5.4 is proved. 
6. The proof of the equivalence between (1) and (2) in Theorem 1
Since the the implication from (2) to (1) is obvious, we only need to show the
implication from (1) to (2). To prove this implication, it suffices to find constants
K ≥ 1 and 0 < α ≤ 1 depending only on ϕ, c, c′ such that for any subdomain D of
G,
(6.1) kf(D)(f(x), f(y)) ≤ Kmax{kD(x, y)α, kD(x, y)}
for all x, y ∈ D. To reach this goal, we need some preparation.
Assume that D is a subdomain of G. Then it follows from the first statement
in Lemma 4.2 that f is q-locally η-quasisymmetric with q = 1
(2+c0)3c
and η = ηθ,c,
where c0 =
1+
√
3
2
.
Let
(6.2) Bx = B
D
(
x,
q
(2 + c)2
δD(x)
)
and f1 = f |Bx.
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Then [22, Corollary 3.12] guarantees that there exist constants K0 ≥ 1 and 0 < α ≤
1 depending only on η such that f1 is η0-quasisymmetric, where
η0(t) = K0max{tα, t1/α}.
Next, we show that f1 can be extended to Bx, and this extension is also η0-
quasisymmetric. Since X is complete, so is Bx. Using the facts that the inverse
of a quasisymmetric mapping is also quasisymmetric and the image of a Cauchy
sequence under a quasisymmetric mapping is also Cauchy, we know that f(Bx) is
complete. Hence [31, Theorem 6.12] makes sure that f1 has a natural extension to
Bx, still denoted by f1, which is also η0-quasisymmetric.
We leave the proof of the inequality (6.1) for a moment and obtain an estimate
on the quantity |f(x)−f(y)|
δf(D)(f(x))
.
Let
t0 = min
{
ϕ−1
( 1
3c′
)
,
q
(2 + c)4
}
.
Obviously, t0 ≤ 181 . Then for x and y in D with
|x− y| = tδD(x),
we have
Claim 6.1. If t ≤ 2t0, then
|f(x)− f(y)|
δf(D)(f(x))
≤ c′K0
(
(2 + c)2q−1
|x− y|
δD(x)
)α
.
For the proof, we fix ε > 0 and then choose a point u′ ∈ ∂f(D) with
|f(x)− u′| ≤ δf(D)(f(x)) + ε.
Since Y is c′-quasiconvex, we see that there exists a curve γ in Y joining f(x) and
u′ with
ℓ(γ) ≤ c′|f(x)− u′|.
Obviously, γ∩∂f(Bx) 6= ∅ since u′ /∈ f(Bx). Furthermore, it follows from Lemma
5.1 that ∂f(Bx) = f(∂Bx), and so γ ∩ f(∂Bx) 6= ∅. Now, we assume that v′ ∈
γ ∩ f(∂Bx). Then there is a point v in ∂Bx such that v′ = f(v). Hence
|f(x)− f(v)| ≤ ℓ(γ) ≤ c′|f(x)− u′| ≤ c′(δf(D)(f(x)) + ε).
On the other hand, it follows from Lemma 3.4 (3) that
B
(
x,
2q
(2 + c)4
δD(x)
)
⊂ B
(
x,
q
(2 + c)3
δD(x)
)
⊂ Bx,
which implies y ∈ Bx. Further, Lemma 3.5 indicates that
|x− v| = q
(2 + c)2
δD(x).
Hence we know from the fact f1 being η0-quasisymmetric in Bx that
|f(x)− f(y)|
δf(D)(f(x)) + ε
≤ c′ |f(x)− f(y)||f(x)− f(v)| ≤ c
′η0
( |x− y|
|x− v|
)
≤ c′η0
(
(2 + c)2q−1
|x− y|
δD(x)
)
,
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from which the claim follows since (2 + c)2q−1 |x−y|
δD(x)
< 1.
Now, we continue the proof of the inequality (6.1) by dividing the discussions into
two cases.
Case 6.1. kD(x, y) ≤ t0.
By the choice of t0 and the ϕ-semisolidity of f in D, we have
kf(D)(f(x), f(y)) ≤ ϕ(kD(x, y)) ≤ ϕ(t0) ≤ 1
3c′
,
and then the inequality (3.7) in Lemma 3.8 gives
(6.3) kf(D)(f(x), f(y)) ≤ 3c′ |f(x)− f(y)|
δf(D)(f(x))
.
Since kD(x, y) ≤ t0 < 1, again, we know from Lemma 3.8 (3.7) that
|x− y|
δD(x)
≤ 2kD(x, y) ≤ 2t0.
Applying Claim 6.1, it follows from (6.3) that
(6.4) kf(D)(f(x), f(y)) ≤ 3c′2K0
(
(2 + c)2q−1
|x− y|
δD(x)
)α
< K1kD(x, y)
α,
where K1 = 3c
′2K0(2 + c)2αq−α.
Case 6.2. kD(x, y) > t0.
By Lemma 3.9, we see that (D, kD) is λ-quasiconvex for all λ > 1. Obviously,
the ϕ-semisolidity of f in D implies that for any u, v ∈ D, if kD(u, v) ≤ t0, then
kf(D)(f(u), f(v)) ≤ ϕ(t0). By taking q = t0 and C = ϕ(t0) in [31, Lemma 2.3], we
know that
kf(D)(f(x), f(y)) ≤ λϕ(t0)
t0
kD(x, y) + ϕ(t0) ≤ (λ+ 1)ϕ(t0)
t0
kD(x, y).
Letting λ→ 1 yields
(6.5) kf(D)(f(x), f(y)) ≤ K2kD(x, y),
where K2 =
2ϕ(t0)
t0
.
Now, we are able to complete the proof of the theorem. By letting
K = max{K1, K2},
we see that (6.1) easily follows from (6.4) and (6.5), and hence the equivalence
between (1) and (2) in Theorem 1 is proved. 
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7. The proof of Theorem 3 and an application
In this section, we prove Theorem 3. We begin with the following result showing
the invariance of semisolidity under the composition operator of mappings.
Lemma 7.1. Suppose Xi are ci-quasiconvex metric spaces, and Gi ( Xi are do-
mains, where i = 1, 2, 3. If f : G1 → G2 is ϕ1-semisolid in every subdomain of G1
and g : G2 → G3 is ϕ2-semisolid in every subdomain of G2. Then the composition
g ◦ f : G1 → G3 is ϕ2 ◦ ϕ1-semisolid in every subdomain of G1.
Proof. For any subdomain D in G1, by the hypotheses, we see that f : D →
f(D) ( G2 is ϕ1-semisolid and g : f(D) → g ◦ f(D) ⊂ G3 is ϕ2-semisolid, which
shows that for all x, y ∈ D,
kf(D)(f(x), f(y)) ≤ ϕ1(kD(x, y))
and
kg◦f(D)(g ◦ f(x), g ◦ f(y)) ≤ ϕ2(kf(D)(f(x), f(y))).
Hence
kg◦f(D)(g ◦ f(x), g ◦ f(y)) ≤ ϕ2 ◦ ϕ1(kD(x, y)),
and so the proof of Lemma 7.1 is complete since the domain D is arbitrarily taken
from G1. 
The proof of Theorem 3: Under the assumptions, by Theorem 1, there are
homeomorphisms ϕ1 and ϕ2 from [0,∞) to [0,∞) such that f is ϕ1-semisolid in
every subdomain of G1 and g is ϕ2-semisolid in every subdomain of G2, where ϕ1
and ϕ2 depend at most on c1, c2, c3, q1, q2, H1 and H2. Lemma 7.1 yields that
the composition g ◦ f is ϕ2 ◦ ϕ1-semisolid in every subdomain of G1. Again, it
follows from Theorem 1 that there is a constant 0 < q < 1 such that g ◦ f is q-
locally η-quasisymmetric in G1, where η : [0,∞) → [0,∞) is homeomorphic and
depends only on c1, c2, c3, q1, q2, H1 and H2. Obviously, g ◦ f is q-locally weakly
H-quasisymmetric, where H = max{η(1), 1}. Also, it follows from (2) in Remark
1.2 that g ◦ f is also H-quasiconformal. 
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